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Abstract
In the n-dimensional Freund–Rubin model with an antisymmetric tensor field of rank s − 1, the dimension of the external
spacetime we live in must be min(s, n− s). This result is a generalization of the previous result in the d = 11 supergravity case,
where s = 4.
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Open access under CC BY license.The history of Kaluza–Klein models is almost
as long as that of General Relativity. The idea of
dimensional reduction has been revived many times,
for example, in the context of nonabelian gauge theory,
extended supergravity, and most recently, M-theory or
brane cosmology.
Traditionally, it is assumed that in the Kaluza–
Klein models, the n-dimensional spacetime is a prod-
uct of a s-dimensional manifold Ms and a (n − s)-
dimensional manifold Mn−s . Many studies have been
done to show how to decompose M into the product
of an internal and an external space in the classical
framework. The key problem is to identify the external
spacetime in which we are living. Many works appeal
to the Anthropic Principle [1]: there may exist five or
more dimensions, however, only in the 4-dimensional
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Open access under CC BY license.nearly flat spacetime we, the observers, would be able
to exist.
In this Letter we shall argue that, in the framework
of quantum cosmology, this problem can be solved
in some toy models without using the Anthropic
Principle.
The quantum state of the universe is described by
its wave function Ψ . In the no-boundary universe [3],
the wave function is defined by the path integral over
all compact manifolds with the argument of the wave
function as the only boundary. The main contribution
to the path integral comes from the instanton solution.
This is the so-called WKB approximation. Therefore,
the instanton can be thought as the seed of the
universe.
Let us study the following Freund–Rubin toy mod-
els [2]. The matter content of the universe is an an-
tisymmetric tensor field Aα1...αs−1 of rank s − 1. Its
field strength is a completely antisymmetric tensor
Fα1...αs . If s = 2, then the matter field is Maxwell. The
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ILorentz = 116π
∫
M
(
R − 2Λ− 8π
s
F 2
)
(1)+ 1
8π
∫
∂M
K,
where Λ is the cosmological constant, R is the scalar
curvature of the spacetime M and K is the extrinsic
curvature of its boundary ∂M .
The Einstein equation is
(2)Rµν − 1
2
gµνR +Λgµν = 8πθµν,
where the energy–momentum tensor θµν is
θµν = Fα1...αs−1µFα1...αs−1ν
(3)− 1
2s
Fα1...αs F
α1...αs gµν.
The field equation is
(4)g−1/2∂µ
(
g1/2Fµα2...αs
)= 0.
We use indices m, . . . for the manifold Ms and
m¯, . . . for Md−s , respectively. We assume that Ms
and (Md−s) are topologically spheres, and only com-
ponents of the field F with all unbarred indices can
be nonzero. From de Rham cohomology, there exists
unique harmonics in Ss [4], i.e., the solution to the
field equation (4)
(5)Fα1...αs = κα1...αs (s!gs)−1/2,
where gs is the determinant of the metric of Ms , κ is
a charge constant. We set κ to be imaginary, for this
moment.
We first consider the case Λ= 0. From above one
can derive the scalar curvature for each factor space
(6)Rs = (n− s − 1)8πκ
2
n− 2
and
(7)Rn−s =− (s − 1)(n− s)8πκ
2
s(n− 2) .
It appears that the F field behaves as a cosmological
constant, which is anisotropic with respect to the factor
spaces.
The metrics of the factor spacetimes should be Ein-
stein. The created universe would select the manifoldswith maximum symmetry. This point can be justified
in quantum cosmology. As we shall show below, at
the WKB level, the relative creation probability of the
universe is exponential to the negative of the Euclid-
ean action of the seed instanton. The action is propor-
tional to the product of the volumes of the two fac-
tor manifolds. Maximization of the volumes can be
realized only by the manifolds with maximum sym-
metries. Therefore, the instanton metric is a product of
Ss × Sn−s . The metric signature of Ss(Sn−s ) is nega-
tive (positive) definite. This is the instanton version of
the Freund–Rubin solution [2].
To obtain the Lorentzian spacetime, one can begin
with the Ss metric
(8)ds2s =−dt2 −
sin2(Lst)
L2s
(
dχ2 + sin2 χ dΩ2s−2
)
,
where Ls is the radius of the Ss and dΩ2s−2 represents
the unit (s − 2)-sphere.
One can obtain the s-dimensional anti-de Sit-
ter space by an analytic continuation at a (s − 1)-
dimensional surface where the metric is stationary.
One can choose χ = π/2 as the surface, setΩ = i(χ−
π
2 ) and obtain the metric with signature (−, . . . ,−,+)
(9)
ds2s =−dt2 −
sin2(Lst)
L2s
(−dΩ2 + cosh2Ω dΩ2s−2).
Then one can analytically continue the metric through
the null surface at t = 0 by redefining ρ =Ω+ iπ2 and
get the s-dimensional anti-de Sitter metric
(10)ds2s =−dt2 +
sin2(Lst)
L2s
(
dρ2 + sinh2 ρ dΩ2s−2
)
.
The obtained Lorentzian spacetime is the product of
the s-dimensional anti-de Sitter space, which we con-
sider as the external spacetime, and a Sn−s , which is
identified as the internal space. The apparent dimen-
sion of the spacetime is s [2].
From the same Ss one can also get a s-dimensional
hyperboloid by setting Σ = i(t − π2Ls )
(11)
ds2s = dΣ2 +
cosh2(LsΣ)
L2s
(
dρ2 + sinh2 ρ dΩ2s−2
)
.
One can also obtain the (n− s)-dimensional de Sit-
ter space through a simple analytic continuation from
the factor space Sn−s as in the 4-dimensional case [3],
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boloid as the internal space. Then the apparent dimen-
sion of the external spacetime becomes n− s [2].
One can appeal to quantum cosmology to discrimi-
nate these two possibilities. The relative creation prob-
ability of the universe is
(12)P = Ψ ∗Ψ ≈ exp(−I),
where Ψ is the wave function of the configuration at
the quantum transition. The configuration is the metric
and the matter field at the equator. I is the Euclidean
action of the instanton. It is worth emphasizing that
the instanton is constructed by joining its south hemi-
sphere and its time reversal, its north hemisphere.
In the Lorentzian regime, the probability of a
quantum state is independent of the representation.
However, in the Euclidean regime this is not the case.
In quantum cosmology, the universe is created from
nothing in imaginary time. In the Euclidean regime
the total relative probability of finding the universe
does not stay constant. In fact, formula (12) can only
be meaningful when one uses a right representation
for the wave function at the equator. This problem
was hidden in the earlier years of research of quantum
cosmology. At that stage, only regular instantons were
considered as seeds of universe creations.
Now, it is well known that regular instantons are
too rare for the creation scenario of a more realistic
cosmological model. One has to appeal to the con-
strained instantons [5]. The right representation can
be obtained through a canonical transform from the
wrong representation. The wave function subjects to
a Fourier transform in the Lorentzian regime. At the
WKB level, this corresponds to a Legendre transform,
the Legendre term at the equator will change the prob-
ability value in Eq. (12). For a regular instanton, one
member of any pair of canonical conjugate variables
must vanish, so does the Legendre term.
The criterion for the right representation in for-
mula (12) with a constrained instanton is that across
the equator the arguments of the wave function must
be continuous. This problem was encountered in the
problem of quantum creation of magnetic and electric
black holes [6]. If one considers the quantum creation
of a general charged and rotating black hole, this point
is even more critical. It becomes so acute that unless
the right configuration is used, one cannot even find a
constrained instanton seed [7].Now, the action (1) is given under the condition
that at the boundary ∂M the metric and the tensor
field Aα1...αs−1 are given. If we assume the external
space is the s-dimensional anti-de Sitter space, then
the Euclidean action is
(13)I = 1
16π
∫
M
(
R − 2Λ− 8π
s
F 2
)
+ 1
8π
∫
∂M
K,
where all quantities are Euclidean and the path of the
continuation from the Lorentzian action to the Euclid-
ean action has been such that the sign in front of R
term should be positive. Since R = Rn−s + Rs , the
negative value of Rs is crucial for the perturbation cal-
culation around the background of the external space-
time. The right sign is necessary for the primordial
fluctuations to take the minimum excitation states al-
lowed by the Heisenberg Uncertainty Principle [8].
The action of the instanton can be evaluated as
(14)I =
(
n− 2s
2s(n− 2) −
1
2s
)
κ2VsVn−s ,
where the volumes Vs and Vn−s of Ss and Sn−s are
2π(s+1)/2Lss
%((s + 1)/2) and
2π(n−s+1)/2Ln−sn−s
%((n− s + 1)/2) ,
respectively, and Ln−s is the radius of the Sn−s .
The action is invariant under the gauge transforma-
tion
(15)Aα1...αs−1 −→Aα1...αs−1 + ∂[α1Λα2...αs−1].
One can select a gauge such that there is only one
nonzero component A2...s , where the index 1 associ-
ated with the time coordinate is excluded. There is no
way to find a gauge in which the field A2...s is regu-
lar for the whole manifold Ss using single neighbor-
hood. One can integrate (5) to obtain its value at the
equator with the regular condition at the south pole.
The field for the north hemisphere can be obtained
from the south solution through time reversal and a
sign change. This results in a discontinuity across the
equator. When we calculate the wave function of the
universe, we implicitly fixed the gauge and no free-
dom is left for the gauge transform. On the other hand,
the field strength Fα1...αs or the canonical momentum
P 2...s is well defined and continuous. Therefore, the
field strength is the right representation.
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(hij ,A2...s) to get the wave function Ψ (hij ,P 2...s )
(16)Ψ (hij ,P 2...s)= 12π
∞∫
−∞
eiA2...sP
2...s
Ψ (hij ,A2...s ),
where hij is the metric of the equator. Here A2...s is the
only degree of freedom of the matter content under the
minisuperspace ansatz. P 2...s is defined as
(17)P 2...s =−
∫
Σ
(s − 1)!F 1...s ,
where Σ denotes the equator.
At the WKB level, the Fourier transform is reduced
into a Legendre transform for the action. The Legendre
transform introduces an extra term −2A2...sP 2...s to
the Euclidean action I , where A2...s is evaluated at the
south side of the equator. The two sides of the equator
is taken account by the factor 2 here. The above
calculation is carried out for the equator t = π/2Ls .
However, the true quantum transition should occur at
χ = π/2. Since these two equators are congruent, the
result should be the same. This has also been checked.
It turns out the extra term is
(18)ILegendre = 1
s
VsVn−sκ2.
Then the total action becomes
(19)Is =
(
n− 2s
2s(n− 2) +
1
2s
)
κ2VsVn−s .
Now if one uses the same instanton, and analyti-
cally continues from the factor space Sn−s at its equa-
tor to obtain an (n − s)-dimensional de Sitter space-
time, and the internal space is an s-dimensional hy-
perboloid. Then one still encounters the representa-
tion problem of A2...s . In the context of our argument,
it has been implicitly assumed that for the argument
of the wave function the gauge is fixed. The singular-
ity or discontinuity is not avoidable. This is compati-
ble with the fact that the instanton is constrained. We
know regular instantons are either discrete or of con-
stant action [5]. The action does depend on the para-
meter κ (see (20) below), therefore the instanton does
not qualify as a regular instanton. However, the canon-
ical momentum is zero here, and so is the Legendre
term.By the same argument as earlier for the continua-
tion of the factor space Ss , the Euclidean action should
take an extra negative sign, and the total action should
be the negative of that in (14),
(20)In−s =−
(
n− 2s
2s(n− 2) −
1
2s
)
κ2VsVn−s .
From (12), we know the relative creation probabil-
ity is the exponential to the negative of the Euclidean
action, therefore if 2s − n < 0, then the creation prob-
ability of the universe with the s-dimensional external
space exponentially dominates that with the (n − s)-
dimensional one, that is the apparent dimension is
most likely to be s. Otherwise the apparent dimension
should be n− s. If 2s = n, then the two possibilities
of creations are equally likely.
One may also discuss the case with a real κ . For
the case 2s − n < 0, the universe is a product of an s-
dimensional de Sitter space and a (n− s)-dimensional
hyperboloid. For the case 2s− n > 0, the universe is a
product of a (n− s)-dimensional anti-de Sitter space
and an s-dimensional sphere.
It is noted that the dimension of the external
spacetime can never be higher than that of the internal
space.
In the d = 11 supergravity, under a special ansatz,
one can derive the Freund–Rubin model with n= 11,
s = 4. It has been shown that the apparent dimension
must be 4 [9].
At this moment, it is instructive to recall the repre-
sentation problem in quantum creation of a Reissner–
Nordström–de Sitter black hole. In the “regular” in-
stanton case, the space is the product S2 × S2. The
situation can be considered as a special case of the
Freund–Rubin toy models with n = 4, s = 2. If the
Maxwell field lives in the internal space, then we ob-
tain a magnetic black hole. For this case the charge,
or κ , is real. If the Maxwell field lives in the ex-
terior space (or 2-dimensional de Sitter space in the
Lorentzian regime), then the black hole is electric. For
this case, the charge, or κ , is imaginary. As we men-
tioned, the electric or magnetic instanton is not a reg-
ular instanton, it is a constrained instanton, therefore
one has to use a right representation as we explained
above. In the magnetic case the Legendre term is zero.
After the Legendre transform, the duality between the
electric and magnetic black holes is recovered, as far
as the creation probability is concerned [6,7].
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